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Jointly Distributed Random Variables

6.3 SUMS OF INDEPENDENT RANDOM VARIABLES

It is often important to be able to calculate the distribution of X + Y from the dis-
tributions of X and Y when X and Y are independent. Suppose that X and Y are
independent, continuous random variables having probability density functions fx
and fy. The cumulative distribution function of X + Y is obtained as follows:

Fxiy(@=PX +Y =a}
= // fx)fy(y) dxdy

X+y=a

0o pa—y
=f / FeOfy () dx dy (3.1)
0o pa—y
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The cumulative distribution function Fy.y is called the convolution of the distribu-
tions Fx and Fy (the cumulative distribution functions of X and Y, respectively).

By differentiating Equation (3.1), we find that the probability density function
fx+y of X + Y is given by

d o0
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o da

=/ Ix(a — y)fy(y)dy

6.3.1 Identically Distributed Uniform Random Variables

It is not difficult to determine the density function of the sum of two independent
uniform (0, 1) random variables.

EXAMPLE 3a Sum of two independent uniform random variables

If X and Y are independent random variables, both uniformly distributed on (0, 1),
calculate the probability density of X + Y.

Solution. From Equation (3.2), since

10<a<1
0 otherwise

fx(a) = fy(a) = {

we obtain

1
fx+v(a) =/0 fx(a — y)dy

For 0 = a = 1, this yields
a
Ixiy(a) = /0 dy=a
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FIGURE 6.3: Triangular density function.

Forl < a < 2, we get
1
fx+y(a)=/ dy=2-a
a—

Hence,
a O0=sa=1
fxev@=32—-—a 1<a<?2
0 otherwise

Because of the shape of its density function (see Figure 6.3), the random variable

X + Y issaid to have a triangular distribution. |
Now, suppose that X1, X»,..., X, are independent uniform (0, 1) random variables,
and let

F,(x)=P{X] + ... + Xy = x}

Whereas a general formula for F,(x) is messy, it has a particularly nice form when
x = 1. Indeed, we now use mathematical induction to prove that

F,x)=x"/n!, 0=x=1
Because the proceeding equation is true for n = 1, assume that
Foi)=x""Ym-1!, 0=x=1

Now, writing
n n—1
D Xi=) Xi+ X,
i=1 i=1

and using the fact that the X; are all nonnegative, we see from Equation 3.1 that, for
0=x=1,

1
Fu(x) :/0 Fo1(x — y)an(Y)dy

B 1
C(n - D!

= x"/n!

X
/ (x — y)""'dy by the induction hypothesis
0

which completes the proof.
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For an interesting application of the preceding formula, let us use it to determine
the expected number of independent uniform (0, 1) random variables that need to
be summed to exceed 1. That is, with X7, X»,... being independent uniform (0, 1)
random variables, we want to determine E[N], where

N=min{n: X; + ... + X;, > 1}
Noting that N is greater thann > Oif and onlyif X7 + ... + X,, = 1, we see that
P{N > n}=F,1)=1/n!, n >0

Because

we see that, forn > 0,

1
P{N:n}:P{N>n—1}—P{N>n}:r1)!—a: .

Therefore,

E[N]

in(n -1
n!
n=1
1
(n — 2)!

M

2

Il
Q3
I

That is, the mean number of independent uniform (0, 1) random variables that must
be summed for the sum to exceed 1 is equal to e.

6.3.2 Gamma Random Variables
Recall that a gamma random variable has a density of the form

e ()t

="

0<y <o
An important property of this family of distributions is that, for a fixed value of 4, it
is closed under convolutions.

Proposition 3.1. If X and Y are independent gamma random variables with respec-
tive parameters (s, 1) and (¢, A), then X + Y is a gamma random variable with param-
eters (s + £, A).

Proof. Using Equation (3.2), we obtain
1 @ e 1. _
frar@ = s [ eV e = pFae P Gy dy
a
:Ke—AaA (a — y)s—lyt—ldy
1

= Ke‘“’a”’_]/ (1 — 0 ' ldx byletting x = 4
0 a
_ Ce—xaas+t—1
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where C is a constant that does not depend on a. But, as the preceding is a density
function and thus must integrate to 1, the value of C is determined, and we have

)\'ef)ua (}»a)s+t71

Ixt+y(a) = NCE

Hence, the result is proved. O

It is now a simple matter to establish, by using Proposition 3.1 and induction, that if
Xi,i=1,...,nare independent gamma random variables with respective parameters

i=1
proof of this statement as an exercise.

EXAMPLE 3b

Let X1, X, ..., X, be nindependent exponential random variables, each having param-
eter A. Then, since an exponential random variable with parameter A is the same as
a gamma random variable with parameters (1, 1), it follows from Proposition 3.1 that
X1 + X2 + -+ + X, is a gamma random variable with parameters (#, ). [ |

n n
(ti,A),i = 1,...,n, then ) X;is gamma with parameters (Z t;, . ]. We leave the

If Z1,7,,...,7Z, are independent standard normal random variables, then Y

n

> Zl.2 is said to have the chi-squared (sometimes seen as x2) distribution with #
i=1

degrees of freedom. Let us compute the density function of Y. Whenn =1,Y = Z%,
and from Example 7b of Chapter 5, we see that its probability density function is
given by

f20) = —=[fz(/y) + fz2(=yP]

f

LL -y/2

NN
3¢ P/

N

But we recognize the preceding as the gamma distribution with parameters (%, %)
[A by-product of this analysis is that T’ (%) = /m.] But since each Zi2 is gamma
(%, %), it follows from Proposition 3.1 that the x2 distribution with n degrees of

freedom is just the gamma distribution with parameters (n/2, %) and hence has a
probability density function given by

2
L) = P y >
2
y/2 n/2—1
¢ y >0

o2 | =
3)
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When n is an even integer, '(n/2) = [(n/2) — 1]!, whereas when n is odd, I"'(r/2) can
be obtained from iterating the relationship I'(f) = (+ — 1)I'(¢+ — 1) and then using

the previously obtained result that " (%) = /7. [For instance, I’ (%) = %F (%) =

Hr (1) = ivel

In practice, the chi-squared distribution often arises as the distribution of the square
of the error involved when one attempts to hit a target in n-dimensional space when
the coordinate errors are taken to be independent standard normal random variables.
It is also important in statistical analysis.

6.3.3 Normal Random Variables

We can also use Equation (3.2) to prove the following important result about normal
random variables.

Proposition 3.2. If X;,i = 1,...,n, are independent random variables that are nor-
n
mally distributed with respective parameters x;, al.z, i=1,...,nthen ) X;isnormally
i=1

n n
distributed with parameters ) u; and ) crl.2.
i=1 i=1

Proof of Proposition 3.2: To begin, let X and Y be independent normal random
variables with X having mean 0 and variance o and Y having mean 0 and vari-
ance 1. We will determine the density function of X + Y by utilizing Equation (3.2).
Now, with

we have

__1 @—-y*| 1 y?
fx(a — y)fy(y) = N exp{— 5 } \/ﬂeXp{_f}

Hence, from Equation (3.2),
fx+y (@) L « e «
) = ——exXpl—=—5(expy————
Xy 2no P 202 P 202(1 + 02)
00 a 2
x/ooexp —c<y— 1+02) dy
1 a2 00 »
=5 —=——5< — d
2no exp{ 2(1 + o?) } _/_OO exp{—ex) dx

az
= Cexp —m

where C does not depend on a. But this implies that X + Y is normal with mean 0
and variance 1 + o2.
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Now, suppose that X; and X, are independent normal random variables with X
having mean p; and variance o2,i = 1,2. Then

X| — X, —
X1+X2=<72< -y 2 M2>+M1+M2
g 07

But since (X7 — u1)/03 is normal with mean 0 and variance 012 / 022, and (X2 — w2) /o2
is normal with mean 0 and variance 1, it follows from our previous result that (X; —
u1)/or + (Xo — up)/op is normal with mean 0 and variance 1 + 012/022, implying
that X7 + X5 is normal with mean 7 + uy and variance 022(1 + 012 /022) = 012 + 022.

Thus, Proposition 3.2 is established when n = 2. The general case now follows by
induction. That is, assume that Proposition 3.2 is true when there are n — 1 random
variables. Now consider the case of n, and write

n n—1
Y Xi=) Xi+ X,
i=1 i=1

n—1 n—1 n—1
By the induction hypothesis, Y X; is normal with mean }_ y; and variance Y o2.
i=1 i=1 i=1

n n
Therefore, by the result for n = 2, Y  X; is normal with mean ) u; and variance
i=1 i=1

EXAMPLE 3c

A basketball team will play a 44-game season. Twenty-six of these games are against
class A teams and 18 are against class B teams. Suppose that the team will win each
game against a class A team with probability .4 and will win each game against a class
B team with probability .7. Suppose also that the results of the different games are
independent. Approximate the probability that

(a) the team wins 25 games or more;

(b) the team wins more games against class A teams than it does against class B
teams.

Solution. (a) Let X4 and Xp respectively denote the number of games the team
wins against class A and against class B teams. Note that X4 and Xp are independent
binomial random variables and

E[Xa] = 26(4) = 104 Var(Xa) = 26(.4)(.6) = 6.24
E[Xp] =18(.7) = 12.6 Var(Xp) = 18(.7)(.3) = 3.78

By the normal approximation to the binomial, X4 and Xp will have approximately
the same distribution as would independent normal random variables with the pre-
ceding expected values and variances. Hence, by Proposition 3.2, X4, + Xp will have
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approximately a normal distribution with mean 23 and variance 10.02. Therefore,
letting Z denote a standard normal random variable, we have

P{X4 + Xp =25} = P{X4 + Xp = 24.5)
=P{XA + X — 23 _ 245 - 23}

V10.02 - J/10.02
1.5
~ Pl7Z =
{ «/10.02}
~1 — P{Z < .4739)
~ 3178

(b) We note that X4 — Xp will have approximately a normal distribution with
mean —2.2 and variance 10.02. Hence,

P(X4 — Xg =1} =P(X4 — X = .5
_plXa-Xp+22_ 5422
B V10.02 —J10.02

2.7
~Plz=_2"_
{ \/10.02}
1 — P{Z < .8530)
1968

Q

%

Therefore, there is approximately a 31.78 percent chance that the team will win at
least 25 games and approximately a 19.68 percent chance that it will win more games
against class A teams than against class B teams. |

The random variable Y is said to be a lognormal random variable with parame-
ters 1 and o if log (Y) is a normal random variable with mean p and variance o2.

That is, Y is lognormal if it can be expressed as
Y =X
where X i1s a normal random variable.

EXAMPLE 3d

Starting at some fixed time, let S(n) denote the price of a certain security at the end
of n additional weeks, n = 1. A popular model for the evolution of these prices
assumes that the price ratios S(n)/S(n — 1),n = 1, are independent and identi-
cally distributed lognormal random variables. Assuming this model, with parameters
n = .0165,0 = .0730, what is the probability that

(a) the price of the security increases over each of the next two weeks?
(b) the price at the end of two weeks is higher than it is today?

Solution. Let Z be a standard normal random variable. To solve part (a), we use the
fact that log(x) increases in x to conclude that x > 1 if and only if log(x) > log(1) = 0.
As a result, we have
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S1) B S
P50 —P{“’g(m) - 0}

0165
=F {Z = 70730 }
— P{Z < 2260}

— 5894

In other words, the probability that the price is up after one week is .5894. Since the
successive price ratios are independent, the probability that the price increases over
each of the next two weeks is (.5894)% = .3474.

To solve part (b), we reason as follows:

P{@ > 1}=P{@& > 1}
S(0) S(1) $©0)

S2 S
:P{log (%) + log (%) > 0}

However, log (%) + log (%), being the sum of two independent normal random

variables with a common mean .0165 and a common standard deviation .0730, is a
normal random variable with mean .0330 and variance 2(.0730)2. Consequently,

SQ) —.0330
Pic—>1{=P{Z> ———
{S(O) g } { ~ 073042 }

= P{Z < .31965}
= .6254 u

6.3.4 Poisson and Binomial Random Variables

Rather than attempt to derive a general expression for the distribution of X + Y in
the discrete case, we shall consider some examples.

EXAMPLE 3e Sums of independent Poisson random variables

If X and Y are independent Poisson random variables with respective parameters A;
and A,, compute the distribution of X + Y.

Solution. Because the event {X + Y = n} may be written as the union of the disjoint
events {X =k, Y =n — k},0 = k = n, we have

n
PX +Y=n=) PIX=kY=n -k
k=0

=Y PX=KP{Y=n — k)
k=0

n k n—k
_ Ze—xlk_le—xzkz_
B k! (n — k!
k=0 ’ '
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n )kan—k
— ¢~ Miti2) Z _ Mt
= kl(n — k)!

—(A A n
_ e ( 1+ 2) n! )\’k)\‘n—k
n! kl(n — k)!"172
k=0
e_()"1+)"2)
=1 + 1)
n'

Thus, X1 + X; has a Poisson distribution with parameter A; + A,. [ |

EXAMPLE 3f Sums of independent binomial random variables

Let X and Y be independent binomial random variables with respective parameters
(n, p) and (m, p). Calculate the distribution of X + Y.

Solution. Recalling the interpretation of a binomial random variable, and without
any computation at all, we can immediately conclude that X 4 Y is binomial with
parameters (n + m, p). This follows because X represents the number of successes in
n independent trials, each of which results in a success with probability p; similarly,
Y represents the number of successes in m independent trials, each of which results
in a success with probability p. Hence, given that X and Y are assumed independent,
it follows that X + Y represents the number of successes in n + m independent
trials when each trial has a probability p of resulting in a success. Therefore, X + Y
is a binomial random variable with parameters (n + m,p). To check this conclusion
analytically, note that

PIX +Y=kl=) PIX=i,Y=k — i)
i=0

=Y PX=i)P(Y=k — i}
i=0

n
_ no\ i n—i m k—i jm—k+i
(e (4 )
i=0
where ¢ =1 — p and where (]r) =0whenj < 0. Thus,

PX + Y:k}=kaI”+’”‘k§(7)<krf i)

and the conclusion follows upon application of the combinatorial identity
n
n+my\ __ n m
("e") -2 () (")
i=0 |

6.3.5 Geometric Random Variables

Let X1,..., X, be independent geometric random variables, with X; having parame-
ter p; fori = 1,...,n. We are interested in computing the probability mass function
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of their sum S, = > /' ; X;. For an application, consider n coins, with coin i having
probability p; of coming up heads when flipped, i = 1,...,n. Suppose that coin 1 is
flipped until heads appears, at which point coin 2 is flipped until it shows heads, and
then coin 3 is flipped until it shows heads, and so on. If we let X; denote the number
of flips made with coin i, then X1, X>, ..., X, will be independent geometric random
variables with respective parameters p{,p2,...,pn, and S, = Z?:l X; will represent
the total number of flips. If all the p; are equal—say, all p; = p—then S, has the same
distribution as the number of flips of a coin having probability p of coming up heads
that are needed to obtain a total of n heads, and so §,, is a negative binomial random
variable with probability mass function

P(S, =k} = (ﬁ _ 1)p”(l - k=

1

As a prelude to determining the probability mass function of S, when the p; are all
distinct, let us first consider the case n = 2. Letting g =1 — p;, j = 1,2, we obtain

k—1
PSy=k =) PXi=jXo=k — j}
j=1
k—1
=Y P{X;=j}P{(Xs =k — j} (byindependence)
j=1

M e
= Zplq’l_ P2y
=1

k-1
=pip2ds ° Y (a1/q2) !
=1

_ ko 1 — (q/q)*!
= P1p29, W

_ 11?11?2611;1 B Puqulf_1

q2 — q1 92 — q1
_ P1 _ P2
=11726112C = 4 plqlf L=
pP1 — P2 P2 — P1

If we now let n = 3 and compute P{S3 = k} by starting with the identity

k—1 k—1
PS3=k}=) PSa=j,Xs=k — j}=) PiSH=jiP(Xs=k — }}
j=1 j=1

and then substituting the derived formula for the mass function of S, we would
obtain, after some computations,

L om P3 op; P3
P(S3 =k} = p1gt! + pagh!
P2 — p1p3 — D1 P1 — p2p3 — P2
— P1 P2
+ p3gi!

P1r — Pp3p2 — P3
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The mass functions of S, and S5 lead to the following conjecture for the mass function
of §,,.

Proposition 3.3. Let X1,..., X, be independent geometric random variables, with X;
having parameter p; for i = 1,...,n. If all the p; are distinct, then, for k = n,
Sp =k} = szqf‘ ! ]_[
];ﬁl T pl

Proof of Proposition 3.3: We will prove this proposition by induction on the value
of n 4+ k. Because the proposition is true when n = 2,k = 2, take as the induction
hypothesis that it is true for any k = n for whichn + k = r. Now, suppose k = n are
such thatn + k =r + 1. To compute P{S, = k}, we condition on whether X,, = 1.
This gives
P{S, =k} = P{S, = k|X,, = }1P{X,, =1} + P{S, = k| X, > 1}P{X,, > 1}
= P{Sy = k| Xy = 1}pn + P{Sp = k|X;, > 1}qn

Now,

P{S, =kl X, =1} =P(S,_1 =k — 11X, =1}
= P{Sn 1=k — 1} (byindependence)

= Zplq,

Now, if X is geometric with parameter p, then the conditional distribution of X given
that it is larger than 1 is the same as the distribution of 1 (the first failed trial) plus
a geometric with parameter p (the number of additional trials after the first until a
success occurs). Consequently,

(by the induction hypothesis)
i#j=n— 1

PS,=klXy > 1 =PX; + ... + X1 + Xp + 1=k}

= P{Sn =k — 1}
= lef‘ I =
t¢]<n pl

where the final equality follows from the induction hypothesis. Thus, from the pre-
ceding, we obtain

n—1
-2 -2

P{Sy =k} = pn Zpiq;{ 1_[ + qn ZPZQfC l_[ —
i=1 ij=n—1 P izj=n P’ p !

=Dn ZP;C[ l_[ — + qn szQf 2 l_[ _
Hﬁjsn 1 pj P ! i#j=n Pj P !

+ QnPnCIn 1_[
]<n N Pn

i#=n— 1 j<n

n—1
= pigt 7 pal + _b
— P] - Pn

l
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Now, using that
14+ dn :Pn_Pi““In: qi
Pn — Di Pn — Di Pn — Di

the preceding gives

P(S, =k} = Zpqu‘ ! ]_[ -+ pady” ]_[

z;ﬁ]m j <n

= Zpqu‘ 1]_[

]9&1 _pl

and the proof by induction is complete.

6.4 CONDITIONAL DISTRIBUTIONS: DISCRETE CASE

_pn

263

Recall that, for any two events E and F, the conditional probability of E given F is

defined, provided that P(F) > 0, by

P(EF)
P(F)

P(E|F) =

Hence, if X and Y are discrete random variables, it is natural to define the conditional

probability mass function of X given that Y =y, by

px|y(xly) = P{X =x|Y =y}
_ P X=xY =y}
B P{Y =y}
_ px,y)
py(y)

for all values of y such that py(y) > 0. Similarly, the conditional probability distribu-
tion function of X given that Y = y is defined, for all y such that py(y) > 0, by

Fxy(xly) = P{X = x|Y =y}
= pxy(aly)

a=x

In other words, the definitions are exactly the same as in the unconditional case,
except that everything is now conditional on the event that Y = y. If X is indepen-
dent of Y, then the conditional mass function and the distribution function are the
same as the respective unconditional ones. This follows because if X is independent

of Y, then

pxiy(xly) = P{X = x|Y =y}
B P{X =x,Y =y}
_ PIX =x}P[Y =)
B P{Y =y}
= P{X = x}
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