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❖ Hypothesis Testing

▪ Null Hypothesis (귀무가설) : 𝐻0

▪ Alternative Hypothesis (대립가설) : 𝐻1

▪ 𝑝-value and Significance Level : α

• 𝑝-value is the probability that, if the null hypothesis is true, the results 
from another randomly selected sample will be as extreme or more 
extreme as the results obtained from the given sample.

▪ Decision : To reject or not reject 𝐻0

▪ If 𝛼 > 𝑝-value, reject 𝐻0. 

• The results of the sample data are significant. There is sufficient 
evidence to conclude that 𝐻0 is an incorrect belief and that the 
alternative hypothesis, 𝐻1 may be correct.

▪ If 𝛼 ≤ 𝑝-value, do not reject 𝐻0. 

• The results of the sample data are not significant. There is not 
sufficient evidence to conclude that the alternative hypothesis, 𝐻1, 
may be correct.

• When you "do not reject 𝐻0", it does not mean that you should believe 
that 𝐻0 is true. It simply means that the sample data have failed to 
provide sufficient evidence to cast serious doubt about the 
truthfulness of 𝐻0.

▪ Conclusion: After you make your decision, write a thoughtful 

conclusion about the hypotheses in terms of the given problem
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Hypothesis Testing revisited

❖ Example

▪ It’s a Boy Genetics Labs claim their procedures improve the chances of a boy 

being born. The results for a test of a single population proportion are as 

follows:

▪ 𝐻0 ∶ 𝑝 = 0.5, 𝐻1: 𝑝 > 0.5

▪ 𝛼 = 0.01, 𝑝-Value = 0.025

▪ Interpret the results and state a conclusion in simple, non-technical terms

Table of error types
Null hypothesis (𝐻0) is

True False

Decision
about 
null

hypothesis 
(𝐻0)

Don't
reject

Correct inference
(true negative)

(probability = 1 −
𝛼)

Type II error
(false negative)

Reject
Type I error

(false positive)
(probability = 𝛼)

Correct inference
(true positive)



❖ Test of a single population mean 𝜇

▪ 단일평균의검정

❖ Distribution Needed for Hypothesis Testing

▪ a Student's 𝑡-distribution (often called a 𝑡-test), 

• Simple random sample from a population that is 
approximately normally distributed. 

• Use the sample standard deviation to approximate the 
population standard deviation. 

• Note that if the sample size is sufficiently large, a 𝑡-test will 
work even if the population is not approximately normally 
distributed.

▪ a Normal distribution (often called a 𝑧-test),

• Simple random sample from the population. 

• The population you are testing is normally distributed or 
your sample size is sufficiently large. 

• You know the value of the population standard deviation 
which, in reality, is rarely known
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Hypothesis Testing with 1 sample

❖ 𝑡-score/ 𝑡-statistic

𝑡 =
ത𝑋 − 𝜇0

𝑠2

𝑛

~𝑡(𝜈)

❖ 𝑧-score/𝑧-statistic/Standard score

𝑍 =
ത𝑋 − 𝜇0

𝜎2

𝑛

sample.mean()

sample.count()

sample.var()

𝜈 ∶ degree of freedom = 𝑛 − 1



❖ Energy Bar Test 

▪ Imagine we have collected a random sample of 31 energy bars 
from a number of different stores to represent the population of 
energy bars available to the general consumer. The labels on the 
bars claim that each bar contains 20 grams of protein.

▪ You can find the actual protein contained in the collected energy 
bars in the variable -"ebp_df" in the code below (ebp stands for 
energy_bar_protein). It shows that some bars have less than 20 
grams of protein. Other bars have more.

▪ You might think that the data support the idea that the labels are 
correct. Others might disagree.

▪ We decide to perform one-sample t-test to test the following 
hypotheses

▪ 𝐻0: 𝜇 = 20 vs. 𝐻1: 𝜇 ≠ 20

▪
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One sample 𝑡-test example

❖ Questions

▪ What is the degrees of freedom of the sample ?

# of samples – 1 = 30

▪ Calculate the  𝑡-statistic and the  𝑝-value of the sample

▪ For 2 significance levels  𝛼1 = 0.05, 𝛼2 = 0.01 for the test, what 

should you conclude regarding the hypothesis?

ebp_df = pd.DataFrame(

data=[20.7, 27.46, 22.15, 19.85, 21.29, 24.75, 20.75,

22.91, 25.34, 20.33, 21.54, 21.08, 22.14, 19.56,

21.1, 18.04, 24.12, 19.95, 19.72, 18.28, 16.26,

17.46, 20.53, 22.12, 25.06, 22.44, 19.08, 19.88,

21.39, 22.33, 25.79], columns=['protein'])

df = sample.count() - 1

t_stat = (sample.mean()-

mu)/math.sqrt(sample.var()/sample.count())

print(f'\n t-statistic = {t_stat}')

rv_t = stat.t(df)

print(f'\n p-value (!= {mu})= {(1-rv_t.cdf(t_stat))*2}')

# using ttest_1samp()

result1 = stat.ttest_1samp(ebp_df, mu)

print(f'\n {result1}')

t-statistic = 3.066831635284074 

p-value (!= 20)= 0.0045526210606354756 

Ttest_1sampResult(statistic=array([3.06683164]), 

pvalue=array([0.00455262]))



❖ A/B Test

▪ An A/B test is an experiment with two groups to establish which of two 
treatments, products, procedures, or the like is superior. 

▪ Often one of the two treatments is the standard existing treatment, or no 
treatment. If a standard (or no) treatment is used, it is called the control. A 
typical hypothesis is that a new treatment is better than the control.

❖ Key terms for A/B Testing

▪ Treatment : Something (drug, price, web headline) to which a subject is 
exposed.

▪ Treatment group (실험군,처리군): A group of subjects exposed to a specific 
treatment.

▪ Control group (대조군): A group of subjects exposed to no (or standard) 
treatment.

▪ Randomization : The process of randomly assigning subjects to treatments.

▪ Subjects : The items (web visitors, patients, etc.) that are exposed to 
treatments.

▪ Test statistic (검정통계량): The metric used to measure the effect of the 
treatment.
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Hypothesis Testing with 2 samples

❖ Some Examples

▪ Testing two web headlines to determine which produces 

more clicks

▪ Testing two web ads to determine which generates more 

conversions

▪ Testing two therapies to determine which suppresses 

cancer more effectively

▪ Testing two prices to determine which yields more net 

profit

❖ Data Types & related tests

▪ Numerical : 𝑡-test

▪ Categorical : 𝜒2 test



❖ The comparison of two population means

▪ With Unknown standard deviations → 𝑡-test

▪ With Known standard deviations → 𝑧-test

❖ Assumptions

▪ The two independent samples are 

simple random samples from two distinct populations.

▪ For the two distinct populations:

• if the sample sizes are small, the distributions are important 
(should be normal)

• if the sample sizes are large, the distributions are not 
important (need not be normal)
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𝒕-Test for 2 population means  

❖ Independent two-sample 𝑡-test

▪ Equal sample sizes and variances

▪ Equal or unequal sample sizes, unequal variances →

Welch’s 𝑡-test

❖ Python/Colab – scipy.stats.ttest_ind()

▪ ttest_ind(a,b, equal_var=True, alternative=‘two-sided’)

▪ a,b : Samples

▪ equal_var = True

• Equal sample sizes and variances

▪ eqaul_var = False

• Unequal variances, Welch’s 𝑡-test

▪ alternative  = ‘two-sided’, ‘less’, ‘greater’

https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.ttest_ind.html


❖ Equal sample sizes and variances

▪ 𝑡-statistic 

=
ഥ𝑿𝟏 − ഥ𝑿𝟐

𝒔𝑿𝟏
𝟐 + 𝒔𝑿𝟐

𝟐

𝒏

• ത𝑋1, ത𝑋2 : Sample Mean

• 𝑠𝑋1
2 , 𝑠𝑋2

2 : Unbiased Estimator of the variances 

– Not the exactly same to the sample variance

– Ƹ𝑠2 = ൞

1

𝑛
⋅ σ𝑖=1

𝑛 𝑥𝑖 − 𝜇𝑋
2 If 𝜇𝑋 is known

1

𝑛−1
⋅ σ𝑖=1

𝑛 𝑥𝑖 − ො𝜇 2 If 𝜇𝑋 is unknown

– Sample.var() × 𝑛/(𝑛 − 1)

• 𝑛 : Number of samples of each group (𝑛 = 𝑛1 = 𝑛2)

▪ Degree of freedom for student’s 𝑡-distribution = 2𝑛 − 2
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Independent two-sample 𝑡-test

❖ Welch’s 𝑡-test – Unequal Variance

▪ 𝑡-statistic

=
ഥ𝑿𝟏 − ഥ𝑿𝟐

𝒔𝑿𝟏
𝟐

𝒏𝟏
+
𝒔𝑿𝟐
𝟐

𝒏𝟐

▪ Degree of freedom for student’s 𝑡-distribution

=

𝒔𝑿𝟏
𝟐

𝒏𝟏
+
𝒔𝑿𝟐
𝟐

𝒏𝟐

𝟐

𝒔𝑿𝟏
𝟐

𝒏𝟏

𝟐

𝒏𝟏 − 𝟏
+

𝒔𝑿𝟐
𝟐

𝒏𝟐

𝟐

𝒏𝟐 − 𝟏



❖ Online vs Face-to-face Class

▪ A professor at a large community college wanted to determine 

whether there is a difference in the means of final exam scores 

between students who took his statistics course online and the 

students who took his face-to-face statistics class. 

▪ He believed that the mean of the final exam scores for 2 class 

would be same. Was the professor correct? The randomly 

selected 30 final exam scores from each group are listed in the 

following tables

8

Independent two-sample 𝑡-test Example

❖ Statistics

▪ 𝑛1 = 𝑛2 = 30

▪ ത𝑋1 = 72.98, ത𝑋2 = 84.98

▪ 𝑠𝑋1
2 = 286.24. . , 𝑠𝑋2

2 = 137.22. .

• 𝑉𝑎𝑟 𝑋1 = 276.70… , 𝑉𝑎𝑟 𝑋2 = 132.64…

• 𝑠𝑋1
2 = 𝑉𝑎𝑟 𝑋1 ⋅

𝑛

𝑛−1

▪ 𝑡-statistic = -3.2285832980227287

• The same for both equal or unequal variance as 𝑛1 = 𝑛2

▪ Df = 58 in equal variance test

• Pr(𝑋 < 𝑡-stat)= 0.0010246…

• 𝑝-Value for 2-sided test = 2 × 0.0010246=0.002...

𝑋1 - Online Class

67.6 41.2 85.3 55.9 82.4 91.2 73.5 94.1 64.7 64.7

70.6 38.2 61.8 88.2 70.6 58.8 91.2 73.5 82.4 35.5

94.1 88.2 64.7 55.9 88.2 97.1 85.3 61.8 79.4 79.4

𝑋2 - Face-to-face Class

77.9 95.3 81.2 74.1 98.8 88.2 85.9 92.9 87.1 88.2

69.4 57.6 69.4 67.1 97.6 85.9 88.2 91.8 78.8 71.8

98.8 61.2 92.9 90.6 97.6 100 95.3 83.5 92.9 89.4

-3.22..



❖ 𝐻0: 𝜇1 = 𝜇2, 𝐻1: 𝜇1 ≠ 𝜇2, 𝛼 = 0.05

▪ Are the population standard deviations known or 

unknown? 

• Yes/No

▪ Which distribution do you use to perform the test?

• Student’s 𝑡 distribution

▪ Is this test greater, less, or two sided?

• Two sided

▪ What is the 𝑝-value ?

• 0.002049… for equal variance

• 0.002164… for non-equal variance

▪ Do you reject or not reject the null hypothesis?

• Reject 𝐻0
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Independent two-sample 𝑡-test Example

❖ 𝐻0: 𝜇1 = 𝜇2, 𝐻1: 𝜇1 < 𝜇2, 𝛼 = 0.05

▪ Is this test greater, less, or two sided?

▪ What is the 𝑝-value ?

▪ Do you reject or not reject the null hypothesis?

import numpy as np

import scipy.stats as stats

val_online = np.array([67.6,41.2,85.3,55.9,…

val_f2f = np.array([77.9, 95.3, 81.2,…

print(stats.ttest_ind(val_online,val_f2f))

print(stats.ttest_ind(val_online,val_f2f, equal_var=False))

---------------------------------------

Ttest_indResult(statistic=-3.2285832980227287, 

pvalue=0.0020492135340385376) 

Ttest_indResult(statistic=-3.2285832980227283, 

pvalue=0.0021648992238072)



𝜒𝟐 - TEST
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𝝌𝟐 Distribution

❖ The notation for the chi-square distribution is: 𝜒𝑑𝑓
2

▪ Where df = degrees of freedom 

▪ For the 𝜒2 distribution, the population mean is 𝜇 =df and the population standard deviation is  𝜎 = 2 𝑑𝑓

❖ The random variable for a chi-square distribution with 𝑘 degrees of freedom is 

the sum of 𝑘 independent, squared standard normal variables.

𝜒𝑘
2 = 𝑍1

2 + 𝑍2
2 +⋯+ 𝑍𝑘

2

▪ The curve is nonsymmetrical and skewed to the right

▪ There is a different chi-square curve for each df.

▪ The test statistic for any test is always greater than or equal to zero.

▪ When 𝑑𝑓 > 90, the chi-square curve approximates the normal distribution.

• 𝑋 ∼ 𝜒1000
2 ~𝑁 𝑑𝑓, 2 𝑑𝑓

2
~𝑁 1000,44.72

▪ The mean, 𝜇, is located just to the right of the peak.



1. Goodness-of-Fit test (적합도검정)

▪ Determines if data fit a particular distribution

▪ Ex) Have you ever wondered if lottery numbers were 

evenly distributed or if some numbers occurred with a 

greater frequency?

2. Test of independence (독립성검정) 

▪ Determines if events are independent

▪ Example) Are the types of movies people preferred 

different across different age groups?

3. Test of a Homogeneity (동질성검정) 

▪ Determines whether two populations follow the same 

unknown distribution.

▪ Example) Is a coffee machine dispensing approximately 

the same amount of coffee each time?
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3 Major applications of the chi-square distribution



❖ Test the data "fit" a particular distribution or not.

❖ Example) Day of the Week Employees were most Absent

▪ Employers want to know which days of the week employees are 

absent in a five-day work week. Most employers would like to 

believe that employees are absent equally during the week. 

▪ Suppose a random sample of 60 managers were asked on which 

day of the week they had the highest number of employee 

absences. The results were distributed as in the following table

▪ For the population of employees, do the days for the highest 

number of absences occur with equal frequencies during a five-

day work week? Test at a 5% significance level.
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Goodness of Fit test

▪ Null Hypothesis ? 

• 𝐻0 :The absent days occur with equal frequencies 

▪ Expected Counts and the null hypothesis

• Use that hypothesized distribution to calculate the expected 
counts for each value of the variable.

❖ The test statistic for a goodness-of-fit test

෍

𝑘

𝑂 − 𝐸 2

𝐸

• 𝑂 = observed values

• 𝐸 = expected values

• 𝑘 = the number of different data cells or categories

• Degree of freedom = 𝒌 − 𝟏

Monday Tuesday Wednesday Thursday Friday

# of Absence
Observed 15 12 9 9 15

# of Absence
Expected 12 12 12 12 12

Monday Tuesday Wednesday Thursday Friday

# of Absence
Observed 15 12 9 9 15

# of Absence
Expected 

෍

𝒌

𝑶− 𝑬 𝟐

𝑬
=

15 − 12 2

12
+

12 − 12 2

12
+

9 − 12 2

12
+

9 − 12 2

12
+

15 − 12 2

12

=
9

12
+

9

12
+

9

12
+

9

12
=
36

12
= 𝟑. 𝟎



import numpy as np

import scipy.stats as stats

val_ob = np.array([15, 12, 9, 9, 15])

val_ex = np.array([12, 12, 12, 12, 12])

chi_stat = sum( (val_ob-val_ex)**2/val_ex)

print('chi-sqaure statistic = ',chi_stat )

print('p-value = ', 1-stats.chi2(df=4).cdf(chi_stat))

print(stats.chisquare(val_ob,val_ex))

----------------------------------

chi-sqaure statistic = 3.0 

p-value = 0.5578254003710748 

Power_divergenceResult(statistic=3.0, pvalue=0.5578254003710748)

Goodness of Fit test
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❖ Employee Absence Example)

▪ Degree of freedom = 4, 𝜒4
2

▪ Test statistic = 3.0

▪ 𝑝-Value = Pr(𝜒4
2 > 3.0) ?

▪ Tabulation Method

• Determine if 𝑝-Value < 𝛼 = 0.05

• Reject 𝐻0 or not ? 

▪ Python/Colab

• scipy.stats.chi2 : chi square distribution, cdf()

• scipy.stats.chisquare()

Degrees of 
freedom (df) 𝜒2 value

1 0.004 0.02 0.06 0.15 0.46 1.07 1.64 2.71 3.84 6.63 10.83

2 0.10 0.21 0.45 0.71 1.39 2.41 3.22 4.61 5.99 9.21 13.82

3 0.35 0.58 1.01 1.42 2.37 3.66 4.64 6.25 7.81 11.34 16.27

4 0.71 1.06 1.65 2.20 3.36 4.88 5.99 7.78 9.49 13.28 18.47

5 1.14 1.61 2.34 3.00 4.35 6.06 7.29 9.24 11.07 15.09 20.52

6 1.63 2.20 3.07 3.83 5.35 7.23 8.56 10.64 12.59 16.81 22.46

7 2.17 2.83 3.82 4.67 6.35 8.38 9.80 12.02 14.07 18.48 24.32

8 2.73 3.49 4.59 5.53 7.34 9.52 11.03 13.36 15.51 20.09 26.12

9 3.32 4.17 5.38 6.39 8.34 10.66 12.24 14.68 16.92 21.67 27.88

10 3.94 4.87 6.18 7.27 9.34 11.78 13.44 15.99 18.31 23.21 29.59

𝑝-value 
(Probability)

0.95 0.90 0.80 0.70 0.50 0.30 0.20 0.10 0.05 0.01 0.001

https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.chi2.html?highlight=chi2
https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.chisquare.html?highlight=chisquare#scipy.stats.chisquare


Conditions for a goodness-of-fit test
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❖ Random: 

▪ The data came from a random sample from the population of interest, or a randomized experiment.

▪ If we sample without replacement, our sample size should be less than 10% of the population so we can assume independence 

between members in the sample. We don't need to check the 10% condition in experiments that involve random assignment, 

since we're not sampling in those cases.

❖ Large counts

▪ The large counts condition says that all expected counts need to be at least 5.

▪ There are no conditions attached to the observed counts.



❖ Conditions for a goodness-of-fit test

▪ Whitney's town has 10,000 residents and three neighborhoods. 

These are the percentages of each neighborhood's area relative 

to the town's total area:

▪ Whitney wants to test if the distribution of the neighborhoods' 

populations matches the distribution of the neighborhoods' areas. 

She plans to ask a sample of residents what neighborhood they 

live in. She'll carry out a 𝜒2 goodness-of-fit test on the resulting 

data.

▪ Which of these are conditions for carrying out this test? Choose 3.

1. She observes each neighborhood at least 5 times.

2. She expects each neighborhood to appear at least 5 times.

3. She takes a random sample of residents

4. She samples 1000 residents at most.
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Quiz

❖ Expected Counts 

▪ Preston teaches at an international school. After reading an 

article about the distribution of the world's population by 

continent, he wanted to test if the distribution of students in his 

school was similar. He collected information about 

all 320 students in his school. Here are the results:

▪ Preston wants to perform a 𝜒2 goodness-of-fit test to determine 

if these results suggest that the distribution of students doesn't 

match the reported distribution.

▪ What is the expected count of students from Australia in 

Preston's group? 320 × 0.5% = 1.6

A B C Total

# of Area 55% 37% 8% 100%
Asia Africa Europe

North 
America

South 
America

Australia

Reported % of 
world 

population
61% 15% 11% 7% 5.5% 0.5%

# of students
Observed 82 10 93 95 30 10

# of students
Expected



❖ Test-statistic and P-value

▪ Elsa is investigating rider complaints that a certain bus route is 

only on time 60% of the time, is early 25% of the time, and is late 

the remaining 15% of the time. She took a random sample of 45 

times and recorded whether the bus was on time, early, or late. 

▪ Here are her results: She wants to use these results to carry out a 

𝜒2 goodness-of-fit test to determine if the distribution of timings 

for the bus route differs from the proportions the riders reported

▪ What are the values of the test statistic and 𝑝 -value for Elsa's test?

1. 𝜒2 = 2.708, 0.05 < 𝑝-value < 0.10

2. 𝜒2 = 2.708, 𝑝-value > 0.25

3. 𝜒2 = 3.392, 0.15 < 𝑝-value < 0.20

4. 𝜒2 = 3.392, 𝑝-value > 0.25
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Quiz

❖ Conclusion in a goodness of fit test

▪ Salma operates a ramen restaurant. Historically, half of customers order pork 

ramen, and the other half of customers are split evenly between chicken and 

vegetarian ramen. Salma modified the chicken and vegetarian recipes, and 

she wonders if customers' ordering habits will change. Here are results from a 

sample of 32 orders after launching the new recipes along with a 𝜒2 goodness-of-fit 

test:

▪ 𝝌𝟐 = 𝟓. 𝟏𝟗,𝑫𝑭 = 𝟐, 𝒑-value = 0.075

▪ Assume that all conditions for inference were met. At the 𝜶 = 𝟎. 𝟏𝟎 significance 

level, what should Salma conclude about the proportions of each type of order? 

Choose 1 answer:

1. There is sufficient evidence to conclude that the proportions of each type of 
order have changed.

2. We don't have enough evidence to conclude that the proportions of each 
type of order have changed.

3. There is sufficient evidence to conclude that the proportions from before 
the new recipes are still true.

4. No conclusions can be made from this test, because one of the observed 
counts is too low for the calculations to be accurate.

On Time Early Late

Observed 33 8 4

Expected

Type of ramen Pork Chicken Vegetarian

Historical distribution 50% 25% 25%

Observed 15 4 13

Expected 16 8 8

Components 0.06 2 3.13



❖ Contingency Table (분할표)

▪ also known as a cross tabulation or crosstab, is a type of table in a 

matrix format that displays the frequency distribution of the 

variables

▪ Example)

▪ 1) Tom and Jane wondered if they had similar tastes in music. 

They each took a random sample of 50 songs from their music 

collection and categorized the songs by genre. Here is a summary 

of the data

▪ 2) Elliot was curious if there was a relationship between a 

student's gender and what superpower they'd prefer to have. He 

obtained data from a random sample of 206 students. Here is a 

summary of the data
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𝝌𝟐 test with Contingency Table

❖ Filling out frequency table for independent events

▪ Example) 

• One rainy Saturday morning, Adam woke up to hear his 
mom complaining about the house being dirty. “Mom is 
always grouchy when it rains,” Adam’s brother said to him.

• So Adam decided to figure out if this statement was actually 
true. For the next year, he charted every time it rained and 
every time his mom was grouchy. What he found was very 
interesting – rainy days and his mom being grouchy were 
entirely independent events. Some of his data are shown in 
the table below.

• Fill in the missing values from the frequency table. 

• A = 35 ×
73

365
= 7

• B = 66, C = 28, D=264

Rainy Not Rainy Row Total

Grouchy A B 73

Not Grouchy C D 292

Column Total 35 330 365

Tom Jane

Hip hop 22 12

Alternative 14 12

Pop 8 21

Other 6 5

Female Male

Fly 19 32

Freeze time 17 23

Invisibility 23 13

Telepathy 53 26



❖ Separate, independent samples or groups – Test of Homogeneity

▪ A chi-square test can help us when we want to know whether different 

populations or groups are alike with regards to the distribution of a variable. 

Our hypotheses would look something like this:

▪ 𝐻0 : The distribution of a variable is the same in each population or group.

𝐻1 : The distribution of a variable differs between some of the populations or 

groups.

▪ We call this the chi-square test for homogeneity

❖ One sample or group – Test of Independence 

▪ A chi-square test can help us see whether individuals from a sample who 

belong to a certain category are more likely than others in the sample to also 

belong to another category. Our hypotheses would look something like this:

▪ 𝐻0 : There is no association between the two variables (they are 

independent).

𝐻1 : There is an association between the two variables (they are not 

independent).

▪ We call this the chi square test of association (or independence).
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𝝌𝟐 test for Contingency Table

One Sample

Separate Sample

Separate Sample



❖ Example 1)

▪ Tom and Jane wondered if they had similar tastes in 

music. They each took a random sample of 50 songs from 

their music collection and categorized the songs by genre. 

Here is a summary of the data

▪ Test of Homogeneity vs Test of Independence ?
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Which Test ?

❖ Example 2)

▪ Elliot was curious if there was a relationship between a 

student's gender and what superpower they'd prefer to 

have. He obtained data from a random sample of 206 

students. Here is a summary of the data

▪ Test of Homogeneity vs Test of Independence ?

Tom Jane

Hip hop 22 12

Alternative 14 12

Pop 8 21

Other 6 5

Female Male

Fly 19 32

Freeze time 17 23

Invisibility 23 13

Telepathy 53 26



Expected Counts in Contingency Table
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❖ Example)

▪ Margot surveyed a random sample of 180 people from the United States about their favorite sports to watch. 

Then she sent separate, similar, survey to a random sample of 180 people from the United Kingdom. Here are the results:

▪ Margot wants to perform a 𝜒2 test of homogeneity on these results. What is the expected count for the cell corresponding to 

people from the United Kingdom whose favorite sports to watch is tennis? = 180 ×
54

360
= 27

❖ 𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑 =
𝑟𝑜𝑤 𝑡𝑜𝑡𝑎𝑙×𝑐𝑜𝑙𝑢𝑚𝑛_𝑡𝑜𝑡𝑎𝑙

𝑡𝑎𝑏𝑙𝑒 𝑡𝑜𝑡𝑎𝑙

Favorite sport 
to watch

United States
Observed

United States
Expected

United Kingdom
Observed

United Kingdom
Expected

Total

Basketball 60 51 111

Football 67 14 81

Soccer 28 86 114

Tennis 25 29 54

Total 180 180 360



❖ The test statistic for a 𝜒2 test with 2-tables

෍

(𝑖,𝑗)

𝑂 − 𝐸 2

𝐸

• 𝑂 = observed values

• 𝐸 = expected values

• 𝑖 = the number of rows in the table

• 𝑗 = the number of columns in the table

• Degree of freedom = 𝒊 − 𝟏 ⋅ (𝒋 − 𝟏)

❖ Example
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Test statistic and P-value in 𝝌𝟐 tests with 2-tables

▪ 𝐻0 : The distribution of “Favorite sport to watch” is the 

same

▪ 𝑖 = 4, 𝑗 = 2

▪ Degree of freedom = 4 − 1 ⋅ 2 − 1 = 3

▪ Test Statistic

෍

(𝑖,𝑗)

𝑂 − 𝐸 2

𝐸

=
60 − 55.5 2

55.5
+

51 − 55.5 2

55.5
+

67 − 40.5 2

40.5
+

14 − 40.5 2

40.5
+

28 − 57 2

57

+
86 − 57 2

57
+

25 − 27 2

27
+

29 − 27 2

27
= 65.214

▪ 𝑝-Value = 4.51× 10−14

▪ Reject 𝐻0 or not ?

Favorite sport 
to watch

US
Observed

US
Expected

UK
Observed

UK
Expected

Total

Basketball 60 55.5 51 55.5 111

Football 67 40.5 14 40.5 81

Soccer 28 57 86 57 114

Tennis 25 27 29 27 54

Total 180 180 180 180 360



❖ Scipy.stats.chisquare(f_obs, f_exp=None, 

ddof=0)

▪ Parameters

▪ f_obs : array_like

• Observed frequencies in each category.

▪ f_exp : array_like, optional

• Expected frequencies in each category. 

• By default the categories are assumed to be equally likely.

▪ ddof : int, optional

• “Delta degrees of freedom”: adjustment to the degrees of 
freedom for the p-value. The p-value is computed using a 
chi-squared distribution with k - 1 - ddof degrees of freedom, 
where k is the number of observed frequencies. The default 
value of ddof is 0.

• 𝒅𝒇 = 𝒌 − 𝟏 − 𝒅𝒅𝒐𝒇

• In 𝝌𝟐 test with 2-table

• 𝒅𝒇 = 𝒊 − 𝟏 ⋅ 𝒋 − 𝟏 , 𝒌 = 𝒊 ⋅ 𝒋

• ∴ 𝒅𝒅𝒐𝒇 = 𝒊 + 𝒋 − 𝟐
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𝝌𝟐 test in Colab

import numpy as np

import scipy.stats as stats

val_ob = np.array([60,51,67,14,28,86,25,29])

val_ex = np.array([55.5, 55.5, 40.5, 40.5, 57, 57, 27,27])

print(stats.chisquare(val_ob,val_ex, ddof=4))

---------------------------------------

Power_divergenceResult(statistic=65.2138103015296, 

pvalue=4.514644867902917e-14)



❖ Shopping Complex Transportation

▪ The owners of a large shopping complex wondered how 

their customers traveled to the complex. They surveyed a 

random sample of 100 customers. Here are the outcomes 

and partial results of a 𝜒2 test (expected counts appear 

below observed counts). 

▪ Which test would they do using this data?

1. 𝜒2 test of independence.

2. 𝜒2 test of Homogeneity. 
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Quiz

▪ Assume that all conditions for inference were met. What 

are the values of the test statistic and 𝑝-value for their 

test? Choose 1 answer:

1. 𝜒2 = 5.159, 0.05 < 𝑃 < 0.10

2. 𝜒2 = 5.159, 0.15 < 𝑃 < 0.20

3. 𝜒2 = 6.19 0.025 < 𝑃 < 0.05

4. 𝜒2 = 6.19, 0.10 < 𝑃 < 0.15

▪ Would you reject 𝐻0 if 𝛼 = 0.05 ?

Drive
Public 
transit

Other Total

Made a purchase 30 25 15 70

Expected 35 21 14

No purchase 20 5 5 30

Expected 15 9 6

Total 50 30 20 100



❖ Smartwatch Alert Service

▪ A company is testing their new smartwatch. They wonder if alerts 

that prompt people to exercise cause people to exercise more 

than they would without the alerts. They recruit 200 subjects and 

randomly assign each of them to either receive the alerts or not. 

Here are amounts of daily activity and partial results of a 𝜒2 test 

(expected counts appear below observed counts):

▪ Which test would they do using this data?

1. 𝜒2 test of independence.

2. 𝜒2 test of Homogeneity. 
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Quiz

▪ Assume that all conditions for inference were met. What 

are the values of the test statistic and 𝑝-value for their 

test? Choose 1 answer:

1. 𝜒2 = 3.229, 0.05 < 𝑃 < 0.10

2. 𝜒2 = 3.229, 0.15 < 𝑃 < 0.20

3. 𝜒2 = 6.458, 0.025 < 𝑃 < 0.05

4. 𝜒2 = 6.458, 0.05 < 𝑃 < 0.10

▪ Would you reject 𝐻0 if 𝛼 = 0.05 ?

Alert No Alerts Total

0-29 48 64 112

Expected 56 56

30-59 33 27 60

Expected 30 3

60+ 19 9 28

Expected 14 14

Total 100 100 200



❖ 2 Authors 

▪ A linguist is studying how two authors use parts of 
speech in their writing. They take separate random 
samples of a few essays written by each author, and they 
tally how many times the authors use each part of 
speech. Here is a summary of the words in each sample 
and the results from a 𝜒2 test:

▪ 𝝌𝟐 = 𝟎. 𝟒,𝑫𝑭 = 𝟑, 𝒑-value = 0.94
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Quiz - Making Conclusion in chi-square test for two-way tables

▪ Assume that all conditions for inference were met. 

At the 𝛼 = 0.05 significance level, what is the most 

appropriate conclusion to draw from this test? Choose 1 

answer:

1. This is convincing evidence of an association between the parts 
of speech and these authors.

2. This isn't enough evidence to say there is an association 
between the parts of speech and these authors.

3. This is convincing evidence that the distribution of the parts of 
speech differs between these authors.

4. This isn't enough evidence to say that the distribution of the 
parts of speech differs between these authors.

Author A Author B

Adverbs 60 74

Expected 61.42 72.58

Adjectives 176 199

Expected 171.9 203.1

Verbs 179 220

Expected 182.9 216.1

Nouns 582 685

Expected 580.78 686.22


