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How to obtain information of analyte ?
- To retrieve the desired information from the analyte, it is necessary to provide a 

stimulus, which is usually in the form of electromagnetic, electrical, mechanical, or 

nuclear energy

- The resulting information is contained in the phenomena that result from the 

interaction of the stimulus with the analyte.

- The stimulus elicits a response from the system under study whose nature and 

magnitude are governed by the fundamental laws of chemistry and physics. 

D. A. Skoog, Principles of Instrumental Analysis, 7th Ed., Cengage Learning, 2017, p. 3



X-ray powder diffraction analysis

What can be investigated ?

Phase identification

Single phase or mixture phase

Quantitative analysis of mixture phase

Unit cell dimension

Crystallite size

Microstrain

…

http://www.fhi-berlin.mpg.de/acnew/department/pages/teaching/pages/teaching__wintersemester__2015_2016/frank_girgsdies__peak_profile_fitting_in_xrd__151106.pdf (22.09.16)



https://slideplayer.com/slide/4616826 (22.09.16)



https://slideplayer.com/slide/4616826 (22.09.16)
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https://slideplayer.com/slide/4616826 (22.09.16)



The states of matter

How can we distinguish crystalline state ?

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 5



The states of matter
Crystal:

- When the temperature falls below the freezing point, the kinetic energy

becomes so small that the molecules become permanently attached to

one another.

- A three-dimensional framework of attractive interactions forms among

the molecules and the array becomes solid – it crystallizes.

- The movement of molecules in the crystal now consists only of

vibrations about a central position. A result of these permanent

interactions is that the molecules have become regularly ordered.

“periodically homogeneous distribution”

“anisotropic physical properties”

A crystal is an anisotropic, homogeneous body consisting of a three-
dimensional periodic ordering of atoms, ions or molecules.

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 5



Crystal structure analysis
Crystallography is the experimental science of determining the three-

dimensional arrangement of atoms, ions and molecules in crystalline solids

Crystals play a role in many subjects, among them mineralogy, inorganic,

organic and physical chemistry, physics, metallurgy, materials science,

geology, geophysics, biology and medicine.

https://doi.org/10.1021/acscatal.6b01719 (22.09.16)



What is lattice?
- A space lattice is a three-dimensional periodic arrangement of

points, and is a pure mathematical concept.

- basis: the arrangement of atoms within a lattice cell.

- lattice + basis = crystal structure.

The concept of a lattice will now be developed from a lattice point via the

line lattice and the plane lattice, finally to the space lattice.

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 9



Line lattice, Plane lattice
- we may consider moving from the point 0 along the vector a to the point 1. By

a similar movement of 2a, we will reach point 2, etc. By means of this

operation, called a lattice translation, a line lattice has been generated.

- All points made by lattice translation are equivalent.

- 𝒂 = a0 is called lattice parameter which defines the line lattice.

- If a lattice translation 𝒃 is then allowed to operate on the line lattice, the result

is the plane lattice. The plane lattice can be constructed from three lattice

parameters, a0, b0 and γ.

- unit cell is the least volume being repeated in a solid

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 10



Space lattice
- If another lattice translation 𝒄 is introduced, its action on the plane

lattice generates the space lattice.

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 11



Designation of points, lines and planes
- Every lattice point is uniquely defined with respect to the origin of the

lattice by the vector 𝝉 = 𝒖𝒂 + 𝒗𝒃 + 𝒘𝒄, and expressed as a “uvw”.

- The vector Ԧ𝜏 describes the point 231

- lattice lines are designated using the coordinates [uvw] that define

the vector from the origin to the given point.

(Note that the [uvw] describes not only a lattice line through the origin

and the point uvw, but also the infinite set of lattice lines which are

parallel to it and have the same lattice parameter)

line I : [231]

line II : [112]

Line II’ : [112]

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 12



Designation of points, lines and planes
- Consider a plane in the lattice intersecting the axes a, b and c at the

points m00, 0n0 and 00p. The coordinates of the three intercepts

completely define the position of a lattice plane.

- however, the reciprocals of these coordinates are used rather than the

coordinates themselves. Miller indices, (hkl), are defined as the

smallest integral multiples of the reciprocals of the plane

intercepts on the axes.

- The lattice plane has the

intercepts m | n | p = 2 | 1 | 3.

- The reciprocals of these are

1/2 | 1 | 1/3, leading to the

Miller indices (362).

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 14



Designation of points, lines and planes

- Generally, the triple (hkl) represents not merely a single lattice plane,

but an infinite set of parallel planes with a constant interplanar

spacing.

- Note that (210) and (ത2ത10) define the same parallel set of planes.

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 15



7 Crystal systems & 14 Bravais lattices

- 14 Bravais lattices: the 14 and only ways in which it is possible
to fill space by a three-dimensional periodic array of points.

primitive base-centered body-centered face-centeredCrystal system

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 94



7 Crystal systems & 14 Bravais lattices
primitive base-centered body-centered face-centered

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 94



From a lattice to a crystal

- Crystal = lattice + basis
- Basis: the arrangement of 

atoms, ions and molecules

- Lattice: 𝑎0 = 𝑎0, 𝑏0 = 𝑏0, 𝛾 = 90°
- Basis of molecule ABC:

A: 0,0,0; B: x1,y1,z1; C: x2,y2,z2

The position is described by a
vector 𝒓 in terms of the lattice

translations 𝒂, 𝒃, and 𝒄.

𝒓 = 𝒙 𝒂 + 𝒚 𝒃 + 𝒛 𝒄 (0 ≤ 𝑥, 𝑦, 𝑧 < 1)

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 24



Describing the structure of CsI
- An example of a simple crystal structure is CsI
- unit cell: a cube with a0 = b0 = c0 = 4.57 Å, α = β = γ = 90◦
- basis: I−: 0,0,0; Cs+: 1/2,1/2,1/2

M : the mass of atoms in the unit cell
Z : the number of chemical formula units per unit cell
M : molar mass, Na: the Avogadro number
V : unit cell volume

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 25



- Unit cell: primitive tetragonal (a0 = 4.59 Å, c0 = 2.96 Å)
- basis: Ti: 0,0,0; 1/2,1/2,1/2

O: 0.3,0.3,0.0; 0.8,0.2,0.5; 0.2,0.8,0.5; 0.7,0.7,0.0

Describing the structure of rutile TiO2

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 211



X-ray diffractometer

http://pd.chem.ucl.ac.uk/pdnn/inst1/optics1.htm (22.09.16)



- When a high voltage is applied, high-speed electrons collide with a target
- Kinetic energy [eV] → continuous X-ray + characteristic X-ray

Production of X-rays

White X-ray spectrum

- Max energy and shortest 𝝀𝑺𝑾𝑳 of X-ray

𝐸𝑘𝑖𝑛𝑒𝑡𝑖𝑐 = 𝑒𝑉 = 𝐸𝑋−𝑟𝑎𝑦 = ℎ𝜈𝑚𝑎𝑥 = ℎ
𝑐

𝜆𝑆𝑊𝐿

Sealed X-ray tube

Thesis “X-ray imaging using 100 μm thick Gas Electron Multipliers operating in Kr-CO2 mixtures”

Rita Joana da Cruz Roque, X-ray imaging using 100 μm thick Gas Electron Multipliers operating in Kr-CO2 mixtures, University of Coimbra, 2018, p. 8

Yoshio Waseda, X-ray Diffraction Crystallography, 1st Ed., Springer, 2011, p. 4



continuous & characteristic X-ray

Thesis “X-ray imaging using 100 μm thick Gas Electron Multipliers operating in Kr-CO2 mixtures”

Slowed down and
changed direction

X-ray emission

𝐾𝛽
𝐾𝛼

𝐼𝑐𝑜𝑛𝑡 =total intensity of white X-ray, 𝑖 = tube current, 
𝐼𝐾 = Kα intensity, Z = atomic number, V = voltage, 
𝑉𝐾 = voltage to eject K-shell electron, 
𝐴, 𝐵𝑆 = constant

Rita Joana da Cruz Roque, X-ray imaging using 100 μm thick Gas Electron Multipliers operating in Kr-CO2 mixtures, University of Coimbra, 2018, p. 8



- X-rays which enter a sample are scattered by electrons around the
nucleus of atoms → the reduction in intensity of X-rays

X-ray absorption and Ni filter

μ = linear absorption coefficient : the extent of absorption
𝐼0 = intensity of incident beam
𝑥 = the distance passed through

- 𝜇 depends on wavelength and absorbing material

Linear absorption coefficient for Ni
(L absorption edge = 1.4886 Å )

t = 0.018 mm

Ni
I0 I

X-ray radiation of Cu target

Monochromatic Cu Kα
𝜆 = 1.5406 Å



Interference on a set of lattice planes
- X-ray diffraction: a combined effect of interference and scattering

- Assume that a parallel, monochromatic beam of X-rays falls on a set of
lattice planes with a spacing of d, making a glancing angle of θ with them.

- The waves I and II will be reflected at A1 and B.
- At A1, the path difference =  = BA1 − A1B’ = BA3 − BC = CA3 = 2dsin
- An interference maximum will be observed when  = λ

Bragg equation: λ = 2dsin, nλ = 2(nd)sin
(Cu K line, λ = 1.5406 Å)

correlation

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 278



Scattering by a unit cell

1. Describes how atomic arrangement (uvw) influences the intensity of 
the scattered beam

2. It tells us which reflections (i.e., peaks, hkl) to be expected in a 
diffraction pattern

N = total number of atoms in a unit cell
fj = atomic scattering factor of the j th atom
uj, vj, wj = fractional coordinates of the j th atom
u = x/a, v = y/b, and w = z/c
a, b, c = lattice parameters
x, y, z = actual coordinates

- Structure factor: sum of the scattered waves from (hkl) lattice planes by
atoms in a unit cell

The diffraction intensity ∝ |Fhkl|
2.

https://slideplayer.com/slide/9616887 (22.09.16)



Structure factor
ex) body-centered cell composed of the same element

(cf) eni = (-1)n, eni = e-ni

The structure factor is completely independent of the shape and size of the 
unit cell, and critically depends on the actual atomic arrangement

(110), (200), (211) reflections are possible
(111), (210), (300) are impossible

= 𝑓 1 + (−1)ℎ+𝑘+𝑙

https://slideplayer.com/slide/5976269 (22.09.16)



Structure factor
ex) face-centered cell composed of the same element

(cf) eni = (-1)n, eni = e-ni

The structure factor is completely independent of the shape and size of the 
unit cell, and critically depends on the actual atomic arrangement

When h,k,l are all even or odd: F = 4f, F2 = 16f2

When h,k,l are mixed parity: F = 0, F2 = 0

𝑢𝑣𝑤 = 000 ,
1

2

1

2
0 , 0

1

2

1

2
,
1

2
0
1

2

𝐹ℎ𝑘𝑙 = 𝑓 1 + 𝑒−𝑖𝜋(ℎ+𝑘) + 𝑒−𝑖𝜋(𝑘+𝑙) + 𝑒−𝑖𝜋(ℎ+𝑙)

𝐹ℎ𝑘𝑙 = 𝑓 1 + (−1)ℎ+𝑘+(−1)𝑘+𝑙+(−1)ℎ+𝑙

(111), (200), (220), (311), (222) reflections are possible

https://slideplayer.com/slide/5976269 (22.09.16)



https://slideplayer.com/slide/5976269 (22.09.16)

Structure factor



XRD data analysis using software
Qualitative Identification of phase : search and match !

Two theta

In
te

n
s
it
y

http://www.crystallography.net/pcod/P2D2/EVA/index.html (22.09.16)



- ICDD(International Centre for Diffraction Data): a scientific organization dedicated to collecting,
editing, publishing, and distributing powder diffraction data for the identification of crystalline
materials [Previously, JCPDS]

- PDF (powder diffraction file): a collection of single-phase X-ray powder diffraction patterns in
the form of tables of characteristic interplanar spacings and corresponding relative intensities
along with other pertinent physical and crystallographic properties

Database

ICSD: inorganic crystal structure database

chemical formula

Miller
indices

XRD pattern

intensity

2 valueX-ray & wavelength

Crystal system

Bravais lattice

Space group: a group representing symmetries and atomic configuration in a unit cell

lattice parameter

𝐼𝑏
𝐼𝑎
=
(𝐼/𝐼𝑐)𝑎
(𝐼/𝐼𝑐)𝑏

×
𝑋𝑎
𝑋𝑏

I/Icor: reference intensity ratio
Corumdum: a crystalline Al2O3

Crystallographically
Calculated density
(Dm: measured
density in g/cm3)

Unit cell
volume



Example for XRD data analysis

1. What is the crystal structure and phase ?  
→ Pd/C: Pd metal with face-centered cubic (FCC) crystal structure
→ #1 & #2: Pd-Ag alloy with unidentified composition
→ #3 & #4: the mixture of Pd-Ag alloy and pure Ag crystal

2. Why does the shift of 2 values occur? → λ = 2dsin
3. How can we quantify the change of lattice parameters ?

XRD patterns of Pd-Ag alloy samples

Pd/C

#1

#2

In
c
re

a
s
in

g
 A

g
Microwave-assisted 
Polyol method

Pd/C

Ethylene

glycol

Ag+ ions

#3

#4

2 (degree)

https://doi.org/10.1038/s41467-019-11903-5 (22.09.16)



d-spacing & lattice parameter

𝑎0 ×
1

ℎ
× 𝑐𝑜𝑠𝜙𝑎 = 𝑑ℎ𝑘𝑙

Assume a set of planes (h k l) of orthorhombic crystal near the origin.

𝑏0 ×
1

𝑘
× 𝑐𝑜𝑠𝜙𝑏 = 𝑑ℎ𝑘𝑙

𝑐0 ×
1

𝑙
× 𝑐𝑜𝑠𝜙𝑐 = 𝑑ℎ𝑘𝑙

𝑐𝑜𝑠2𝜙𝑎 + 𝑐𝑜𝑠2𝜙𝑏 + 𝑐𝑜𝑠2𝜙𝑐 = 𝑑ℎ𝑘𝑙
2 ℎ2

𝑎0
2 +

𝑘2

𝑏0
2 +

𝑙2

𝑐0
2 = 1

𝑎0
ℎ

𝑏0
𝑘

d = d-spacing of (hkl) planes
a0, b0 = lattice parameters
(hkl) = miller indices

𝑎0

՜
𝑏0

(orthorhombic system) (cubic system, a0 = b0 = c0)

Relationship between the miller indices, d-spacings and lattice parameters

𝑑ℎ𝑘𝑙 =
1

ℎ2

𝑎0
2 +

𝑘2

𝑏0
2 +

𝑙2

𝑐0
2

𝑑ℎ𝑘𝑙 =
𝑎0

ℎ2 + 𝑘2 + 𝑙2

Walter Borchardt-Ott, Crystallography An Introduction, 3rd Ed., Springer, 2012, p. 279



- The Eq. 1 suggests that the diffraction angle can be determined from the shape
and size of the unit cell. “principle of XRD measurement”

- One can determine lattice parameters by measuring diffraction angles from Eq. 2.

Determination of lattice parameter

𝑑ℎ𝑘𝑙 =
𝑎0

ℎ2 + 𝑘2 + 𝑙2

By substituting the equation for the d-spacing into the Bragg equation:

λ = 2dsin
𝑠𝑖𝑛2𝜃 =

𝜆2

4𝑎0
2 (ℎ

2 + 𝑘2 + 𝑙2)

Sample Plane 2 (degree) d-spacing, dhkl (Å) Lattice parameter (Å)

Pd/C (111) 40.032 2.250 3.898

#1 (111) 39.674 2.270 3.932

#2 (111) 39.380 2.286 3.960

𝑎0
2 =

𝜆2

4𝑠𝑖𝑛2𝜃
(ℎ2 + 𝑘2 + 𝑙2)

(Eq. 1)

(Eq. 2)

𝑎0 =
𝜆2

4𝑠𝑖𝑛2𝜃
(ℎ2 + 𝑘2 + 𝑙2) =

(1.5406 Å)2

4 × 𝑠𝑖𝑛2(20.016°)
(12 + 12 + 12) = 3.898 Å

1.59% expansion



FCC crystal structure

Lattice expansion

DOI:10.13140/RG.2.2.27679.79522 (22.09.16)



Table below provide the relationship between the d-spacings for specific
Miller indices and the lattice parameters for each crystal system.

d-spacing & lattice parameter

At least two dhkl values are required

At least three dhkl values are required

Yoshio Waseda, X-ray Diffraction Crystallography, 1st Ed., Springer, 2011, p. 75



λ = 2dhkl x sin

Line broadening
- Diffraction peak has the shape of distribution rather than a line (ideal case)
- Source: instrumental broadening + size broadening + strain broadening

Schematic diagram for X-ray diffraction 
peak profile of a fine crystalline sample

Instrumental contributions:

(1) X-ray is not perfectly monochromatic. Superposition of K1 and K2 (λ distribution)
(2) Divergence issue of incident/reflected beams and slit width ( distribution)

B = peak width

Integral breadth FWHM

• FWHM: the full width at half maximum
• Integral breadth: the width of a rectangle having

the same area and the same height as the peak

http://pd.chem.ucl.ac.uk/pdnn/peaks/broad.htm (22.09.16)



Line broadening
Depending on peak shape, different correction method
- Lorentzian: βobserved = βinstrument + βsize + βstrain
- Gaussian: βobserved

2 = βinstrument
2 + βsize

2 + βstrain
2

the instrumental broadening can be determined using a standard
material with very high crystallinity and large particle size

DOI:10.1590/S1516-14392011005000015 (22.09.16)

http://www.fhi-berlin.mpg.de/acnew/department/pages/teaching/pages/teaching__wintersemester__2015_2016/frank_girgsdies__peak_profile_fitting_in_xrd__151106.pdf (22.09.16)



Size broadening

 : X-ray wavelength
B : Bragg angle
K : Scherrer constant

(shape factor, 0.94 for FWHM of spherical crystals)
B : peak width in radians, corrected for instrumental broadening
D : a volume-weighted mean of crystallite sizes in the direction normal
to the reflecting planes

𝐵 =
𝐾𝜆

𝐷𝑐𝑜𝑠𝜃𝐵

- Peak width (B) is inversely proportional to crystallite size (D)
Infinite crystals means perfect periodicity and diffraction
“The smaller the crystal, the smaller the number of periods,
and thus the less perfect the Bragg diffraction”

- Peak width (B) is inversely proportional to cosB

“The size broadening is more pronounced at larger 2 angles”

Scherrer equation:

(Effective in < c.a. 100 nm)

http://prism.mit.edu/xray (22.09.16)



What is crystallite size

- A particle may consist of one or more crystals which are fused together
- A crystal may consist of several crystallites with different crystallographic

orientations, which are fused by small angle boundaries
- crystallite: a small region of a solid with a single-crystalline property

crystal crystalliteA particle

https://doi.org/10.1016/j.ijhydene.2012.04.063 (22.09.16)

http://www.fhi-berlin.mpg.de/acnew/department/pages/teaching/pages/teaching__wintersemester__2015_2016/frank_girgsdies__peak_profile_fitting_in_xrd__151106.pdf (22.09.16)



What is crystallite size

(ex) Let us assume two crystallites (diameter = 1 for the 1st, and 2 for the 2nd)

• arithmetic mean size = 1 ×
1

2
+ 2 ×

1

2
= 1.5

• area weighted mean size = 1 ×
1

5
+ 2 ×

4

5
= 1.8

• volume weighted mean size = 1 ×
1

9
+ 2 ×

8

9
= 1.89

- The crystallite size will be different between crystallites
- Even in a single crystallite, various lengths of columns are present

→ we need to know the weighing scheme of crystallite sizes
→ X-ray diffraction is a volume effect. So, the derived size is a volume-weighted mean

http://www.fhi-berlin.mpg.de/acnew/department/pages/teaching/pages/teaching__wintersemester__2015_2016/frank_girgsdies__peak_profile_fitting_in_xrd__151106.pdf (22.09.16)



What is crystallite size

Lmax : most common value
L0 : the value at which the integral of the curve is cut into two halves
Lnum : number weighted mean (arithmetic mean)
Larea , Lvol : each value is given with a different weight according to the fraction that their 
area or volume contributes to the total area or volume.

The crystallite size and the most common size are different 

Probability distribution

http://www.fhi-berlin.mpg.de/acnew/department/pages/teaching/pages/teaching__wintersemester__2015_2016/frank_girgsdies__peak_profile_fitting_in_xrd__151106.pdf (22.09.16)



What is crystallite size
- The broadening of a single diffraction peak is the product of the
crystallite dimensions in the direction perpendicular to the planes that
produced the diffraction peak.

http://prism.mit.edu/xray (22.09.16)



Example

𝐷 =
𝐾𝜆

𝐵𝑐𝑜𝑠𝜃𝐵

 : 0.15406 (nm)
B : peak position (radians)
K : 0.94 for FWHM of spherical crystals
B : FWHM (radians)
D : crystallite sizes in the direction normal to (hkl) (nm)

Procedure:
(1) XRD data; (2) Peak Fit; (3) B, FWHM; (4) calculation

peak position (2, ) FWHM() crystallite size D (nm)

31.70868 0.28673 30.08226516

34.36301 0.22556 38.50392314

36.19607 0.29529 29.56156776

47.47974 0.29426 30.80395372

56.54624 0.35102 26.83988698

62.80407 0.35766 27.18003745

67.8968 0.40304 24.81729582

69.03285 0.38421 26.20979309

Daverage = 29.3 nm

𝐷 =
0.94 × 0.15406 𝑛𝑚

(0.28673° ∗
𝜋 𝑟𝑎𝑑
180°

)cos(
31.70868°

2
∗
𝜋 𝑟𝑎𝑑
180°

)

𝐷 = 30.08227 𝑛𝑚

(Effective in < c.a. 100 nm)

The Daverage is not accurate due to the assumptions and instrumental effect, but gives comparable information .
https://www.youtube.com/watch?v=m8L-B4A75Ec (22.09.16)



Strain broadening

• When all crystallites receive a uniform strain, each d-spacing changes uniformly
and then a certain shift in the peak position is observed.

• when applying a non-uniform strain, the different size of distortion depending on
the place, the d-spacing show divergence at random with a certain width.

• Lattice strain: local devation of d-spacings from the average value where the
forces of compression and expansion will be balanced

• Origins:
- point defects like interstitial or missing or substitutional atoms
- 1-D defects like screw dislocations
- 2-D defects like twin boundaries
- surface tensions in nanoparticles, morphological effect such as nanotubes

d



Strain broadening

𝐵 = 4𝜀
𝑠𝑖𝑛𝜃𝐵
𝑐𝑜𝑠𝜃𝐵

𝜀 =
∆𝑑

𝑑
(%)

𝜺 : a volume-weighted mean of lattice strain
B : Bragg angle
B : peak width in radians

𝐵𝑜𝑏𝑠 = 𝐵𝑖𝑛𝑠𝑡 + 𝐵𝑠𝑖𝑧𝑒 + 𝐵𝑠𝑡𝑟𝑎𝑖𝑛 = 𝐵𝑖𝑛𝑠𝑡 +
𝐾𝜆

𝐷𝑐𝑜𝑠𝜃𝐵
+ 4𝜀𝑡𝑎𝑛𝜃𝐵

- Peak width (B) is proportional to strain (𝜀)
“The larger the strain, the higher the broadening”

- Peak width (B) is proportional to tanB

“The strain broadening is more pronounced at larger 2 angles”

Combined contribution

Bobs
2 = 𝐵inst

2 + 𝐵size
2 + 𝐵strain

2 = 𝐵inst
2 +

𝐾𝜆

𝐷𝑐𝑜𝑠𝜃𝐵

2

+ 4𝜀𝑡𝑎𝑛𝜃𝐵
2

https://slideplayer.com/amp/2355344 (22.09.16)



Williamson-Hall analysis
Williamson and Hall (1953) proposed a method for deconvoluting
size and strain broadening. Assuming Lorentzian peak shape:

𝐵𝑜𝑏𝑠 − 𝐵𝑖𝑛𝑠𝑡 = 𝐵𝑠𝑖𝑧𝑒 + 𝐵𝑠𝑡𝑟𝑎𝑖𝑛 =
𝐾𝜆

𝐷𝑐𝑜𝑠𝜃𝐵
+ 4𝜀𝑡𝑎𝑛𝜃𝐵

(𝐵𝑜𝑏𝑠−𝐵𝑖𝑛𝑠𝑡)𝑐𝑜𝑠𝜃𝐵 =
𝐾𝜆

𝐷
+ 4𝜀 𝑠𝑖𝑛𝜃𝐵

slope: strain

y-axis

y-axis intercept: size

x-axis

Williamson-Hall plot

Pb2ScTaO6

https://slideplayer.com/slide/4318558 (22.09.16)

DOI:10.1007/s11244-013-0175-2 (22.09.16)



RIR-based quantitative analysis
- RIR (reference intensity ratio, I/Ic): the intensity of sample referenced to corundum.

- Experimentally, I/Ic can be determined by taking the ratio of the strongest line of
the pattern to the intensity of the strongest line of corundum in a 50/50 wt% mixture.

- Or can be calculated theoretically from crystal structures

𝐼𝑎 =
𝐾𝑎 𝑋𝑎
𝜌𝑎 𝜇

For analyte: For corundum: 𝐼𝑐 =
𝐾𝑐 𝑋𝑐
𝜌𝑐 𝜇

𝐼𝑎
𝐼𝑐
=
𝐾𝑎 𝜌𝑐 𝑋𝑎
𝐾𝑐 𝜌𝑎 𝑋𝑐

= 𝐾
𝑋𝑎
𝑋𝑐

𝑋𝑎= 𝑋𝑐

50-50 mixture

𝐼𝑎
𝐼𝑐
= 𝐾 =

𝐼

𝐼𝑐 𝑎

𝐼𝑖𝑎 =
𝐾𝑖𝑎 𝑋𝑎
𝜌𝑎 𝜇

𝐼𝑖𝑎 = intensity of reflection i of phase a (measured)
𝑋𝑎 = wt fraction of phase a (analyzed)
𝜌𝑎 = density of phase a
𝜇 = linear attenuation coefficient
𝐾𝑖𝑎 = contains structure, multiplicity, temperature, scale factors

for reflection i of phase a

- The intensity of a diffraction peak profile is a convolution of many factors
including concentration. In the RIR method, we assume that the same phase has
similar Ka and a values.



RIR-based quantitative analysis
- For any a + b mixture, the intensity ratio is related with their wt% composition.

𝐼

𝐼𝑐 𝑎

=
𝐾𝑎 𝜌𝑐
𝐾𝑐 𝜌𝑎

𝐼𝑎
𝐼𝑏
=

𝐼𝑎
𝐼𝑐
𝐼𝑏
𝐼𝑐

=

𝐾𝑎 𝜌𝑐 𝑋𝑎
𝐾𝑐 𝜌𝑎 𝑋𝑐
𝐾𝑏 𝜌𝑐 𝑋𝑏
𝐾𝑐 𝜌𝑏 𝑋𝑐

=

𝐾𝑎 𝑋𝑎
𝜌𝑎

𝐾𝑏 𝑋𝑏
𝜌𝑏

=
𝐾𝑎
𝜌𝑎

×
𝜌𝑏
𝐾𝑏

×
𝑋𝑎
𝑋𝑏

=

𝐼
𝐼𝑐 𝑎

𝐼
𝐼𝑐 𝑏

×
𝑋𝑎
𝑋𝑏

𝐼

𝐼𝑐 𝑏

=
𝐾𝑏 𝜌𝑐
𝐾𝑐 𝜌𝑏

Known values & constant

Measured

It should be noted that the presence of any unidentified or amorphous phases
invalidates the use of this method. Also, the change of instrumental condition can 
affect the I/Ic values.

Phase I/IC Measured I

a 4.32 2415

b 3.90 5958

Example:

𝑋𝑎
𝑋𝑏

=
1 − 𝑋𝑏
𝑋𝑏

=
𝐼𝑎
𝐼𝑏
×

𝐼
𝐼𝑐 𝑏

𝐼
𝐼𝑐 𝑎

=
2415

5958
×
3.90

4.32
= 0.3659 𝑋𝑏= 73.2%

𝑋𝑎= 26.8%



Rietveld refinement
• Rietveld Refinement is to fit the entire diffraction pattern measured, optimizing the 

agreement between the measured and the calculated

• What input is needed to carry out a Rietveld Refinement?
- Correct unit cell parameters, atomic positions, space group symmetry, etc.
- For known materials, *.cif file (a starting model) include all information.

Optimized parameters

https://ocw.snu.ac.kr/sites/default/files/NOTE/2019-XSA-15-RIETVELD-04-15.pdf (22.09.16)



Rietveld refinement
Sy = Σ wi (Yo,i– Yc,i)

2 (Sy is the function that should be minimized)

wi, weighting factor = 1 / 2[yo,i]
Yo,i , Yc,i = Observed, Calculated intensity at the i th step
[yo,i]: the standard deviation of yo,i ”uncertainty”

(Sy = 0 in perfectly ideal case)

https://ocw.snu.ac.kr/sites/default/files/NOTE/2019-XSA-15-RIETVELD-04-15.pdf (22.09.16)



Rietveld refinement example

20 30 40

 Experimental data

 Rietveld refinement

 Difference

 Ni9S8

 NiS

 Ni3S2

Rietveld refinement: NiS#87-2_Ar250C2h
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a
rb

. 
u

n
it

)

2 (deg.)

Phase Wt%

Ni9S8 56.05

NiS 32.45

Ni3S2 11.5

RWP = 4.97

https://doi.org/10.1039/C4NR05942E (22.09.16)



Rietveld refinement example

Normally, RWP value less than 10 should be achieved
 Value should be close to 1

https://www.researchgate.net/post/RIETVELD-REFINEMENT-Fullprof-What-causes-chi-square-to-be-smaller-than-one (22.09.16)



Rietveld refinement example
Solid-solution SnNb2-xTaxO6

 90 
 90.85 
γ 90 
a0 17.093 
b0 4.877 
c0 5.558 

Monoclinic

https://doi.org/10.1039/C4TA05885B (22.09.16)



Rietveld refinement example

Rwp

Iterations

Results

set


